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Abstract

The reaction coefficients of expected inflations and output gaps in the forecast-
based monetary policy reaction function may be merely weakly identified when the
smoothing coefficient is close to unity and the nominal interest rates are highly persis-
tent. In this paper we modify the method of Andrews and Cheng (2012, Econometrica)
on inference under weak / semi-strong identification to accommodate the persistence
issue. Our modification involves the employment of asymptotic theories for near unit
root processes and novel drifting sequence approaches. Large sample properties with
a desired smooth transition with respect to the true values of parameters are devel-
oped for the nonlinear least squares (NLS) estimator and its corresponding ¢ / Wald
statistics of a general class of models.

Despite the not-consistent-estimability, the conservative confidence sets of weakly-
identified parameters of interest can be obtained by inverting the ¢ / Wald tests. We
show that the null-imposed least-favorable confidence sets will have correct asymptotic
sizes, and the projection-based method may lead to asymptotic over-coverage. Our
empirical application suggests that the NLS estimates for the reaction coefficients
in U.S.’s forecast-based monetary policy reaction function for 1987:3-2007:4 are not

accurate sufficiently to rule out the possibility of indeterminacy.
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1 Introduction

Consider the monetary policy reaction function (M PRF, Clarida, Gali and Gertler, 2000):

'L.t = Pit—l + (1 — p) (7Ta + WﬁEtpt,k‘ + WxEtl’uk) + Et, (11)

where the nominal interest rate i; is modeled as a weighted average of nominal interest rate
in the previous period i;_; and the monetary authority’s target rate ;. The target rate i}

follows a forward-looking Taylor monetary policy rule (Taylor, 1993; Clarida et al., 2000):
iy = Mo + Tl + ToBrexy

where p; ;, and x; denote the annualized inflation and the average output gap between peri-
ods t and t+ k. E; (-) denotes the expectation of the monetary authority at time t. p € [0, 1)
is known as the smoothing coefficient. {m;,7,} are the reaction coefficients. The model is
called the forecast-based M PRF when the real-time data, i.e., the historical ex ante fore-
casts ({Eprx, Brayr}) are used. Throughout this paper, the region DR = {7, > 1,7, > 0}
is called the determinacy region. When 7; > 1 and 7, > 0, regardless of the values of other
unknown parameters, the M PRF sufficiently satisfies the determinacy condition, i.e., the
monetary authority adjusts the nominal interest rates with ‘sufficient strength’ in response
to inflations and output gaps (Woodford, 2003; Gali, 2008)".

In this paper we are interested in the nonlinear least squares (NLS) estimation and
inference of the forecast-based M PRF when the smoothing coefficient p is close to unity.
When p =~ 1, the NLS objective function is relatively flat with respect to 7 = {m,, 7, 7, }
and m may not be consistently estimated. The inference about 7 based on the standard
asymptotic theory (Newey and McFadden, 1994) may also be spurious because of a twofold

reason. First, the Hessian of the N LS objective function is near singular when the objective

! According to Woodford (2003, Proposition 4.6), the determinacy condition of the M PRF is:

1— .
5 + Idescount Ty — 1> O7
>\slope

where 8 iscount € (0,1) and Agiope > 0 are the discount factor and the slope parameter in the forward-looking
Phillips curve. The definitions for the determinacy region in this paper is the same as Mavroeidis (2010).



function is relatively flat, and the standard asymptotic approximations involve the inverse
of the Hessian. Second, when p ~ 1, the nominal interest rates {i,;} will be highly persistent,
and the N LS estimator will have a nonstandard asymptotic distribution. Lately close-to-one
estimates for p had been found by Bunzel and Enders (2010), Nikolsko-Rzhevskyy (2011)
and Nikolsko-Rzhevskyy and Papell (2012), but the identification failure of the reaction
coefficients {7, 7.} when p ~ 1 has not been well studied. To the best of our knowledge,
the identification failure of the M PRF when p ~ 1 has only been noticed by Urquiza (2010)
and Guerron-Quintana et al. (2009). Neither of them established the large sample properties

of the estimators.

Three main contributions of this paper are as follows. First, our paper is the first in the
literature establishing the large sample properties of the estimator / tests for the forecast-
based M PRF with a close-to-unity smoothing coefficient p. In this paper we modify the
method of Andrews and Cheng (2012) on inference under weak / semi-strong identification to
accommodate the persistence issue. Our modification involves the employment of asymptotic
theories for near unit root processes (Phillips, 1987; Giraitis and Phillips, 2006) and novel
drifting sequence approaches, which match the nonstandard convergence / divergence rates
of the NLS estimator in the extreme case when p = 1. Large sample properties with a
desired smooth transition with respect to the true values of parameters are developed for

the N LS estimator and its corresponding ¢ / Wald statistics of a general class of models.

Second, despite the not-consistent-estimability, the conservative confidence sets (C'S) of
weakly-identified parameters of interest (m = {m,, 7, 7, }) can be obtained by inverting the
t / Wald tests. We show that the null-imposed least-favorable C'S (NILF', Andrews and
Cheng, 2012) will have correct asymptotic sizes, and the projection-based method (Dufour,

1997) may lead to asymptotic over-coverage.

Third, we obtain the conservative C'S of the reaction coefficients {m, 7} in U.S.’s
forecast-based M PRF for 1987:3-2007:4 with confidence coefficients 1 — a = 0.8, 0.9 and
0.95. The obtained C'S contain many values of {m, 7.} not in the determinacy region
DR = {my > 1,7, > 0}. Our empirical application suggests that the NLS estimates for

{m, ™} are not accurate sufficiently to rule out the possibility of indeterminacy.

In the last decade there have been concerns over the identifiability of the monetary policy
reaction function (e.g., Cochrane, 2011; Inoue and Rossi, 2011; Mavroeidis, 2004, 2010).
However, many were focus on the issue of weak instruments (weak V). In a seminal paper

Clarida, Gali and Gertler (2000) estimated the monetary policy reaction function of U.S.



for the pre-Volcker (1960:1 — 1979:2) / Volcker-Greenspan period (1979:3 — 1996:4)%. Since
the expectations of the inflation and the output gap of the Federal Reserve ({Ep: i, Eizi s })
were unobservable to the public, Clarida et al. (2000) replaced the ex ante expectations by

the observable ex post realizations ({p¢x, e })-

iy = pig1+ (1 —p) (Ta + TpPri + ToTer) + €5,

er = e — (1 —=p)[mp (P — EiPer) + 7o (wer — Bewen)] -

Because {p: ., v+ } would be correlated with e} (when p # 1 and 7; # 0 / 7, # 0), Clarida et
al. (2000) used the lags of {4, p i,z 1} as IV and estimated the M PRF by the generalized
method of moments (GM M, Hansen, 1982). Their estimates for the reaction coefficients
{mp, m,} for the pre-Volcker / Volcker-Greenspan period were respectively not in / in the
determinacy region DR = {m; > 1,7, > 0}*. However, many empirical studies (e.g., Inoue
and Rossi, 2011; Mavroeidis, 2004, 2010) suggested that the lags of {i¢, pt x, T+ } Were merely
weakly correlated to {p;x, x1x}. Recently Inoue and Rossi (2011) and Mavroeidis (2010) re-
examined the empirical findings of Clarida et al. (2000). Inoue and Rossi (2011) developed a
novel technique to test the strong identification of GM M estimation and rejected the null hy-
pothesis of the strong identification of {7, 7, } for the Volcker-Greenspan period. Mavroeidis
(2010) obtained the confidence set robust to weak IV and found the 90% robust confidence
set of {my, 7, } for the Volcker-Greenspan period contains many values of parameters not in
DR = {m; > 1,7, > 0}. Their findings suggested that the GM M estimates of {7, 7,} for

the Volcker-Greenspan period were not accurate sufficiently to conclude the determinacy.

To prevent the identification failure due to weak IV, as in Orphanides (2001, 2004), we
use the real-time data, i.e., the historical ex ante forecasts of inflations and output gaps
({E:ptx, Erxy i }) of the Federal Reserve. Orphanides (2004) collected the historical real-time
data and estimated U.S.’s forecast-based M PRF for the Volcker-Greenspan period (1979:3—
1995:4) by NLS without any /V. His estimates for the reaction coefficients {m;, 7, } were
in the determinacy region?. Since 2008, the Greenbook projections of many macroeconomic

variables have been open to the public (after a five-year declassification period) in the Federal

2The pre-Volcker period is the tenures of W. M. Martin, A. Burns and G. W. Miller as Federal Reserve
chairmen. The Volcker-Greenspan period is the terms of P. Volcker and A. Greenspan.

3Instead of only one lag, Clarida et al. (2000) considered two lags of interest rates. Their estimates
of {my,m;} for the pre-Volcker / Volcker-Greenspan period (k = 1) were respectively {0.83,0.27} and
{2.15,0.93}.

4Orphanides (2004) collected the historical forecasts from the Greenbooks of Federal Reserve, the Council
of Economic Advisers, the Department of Commerce and the internal Federal Reserve staff estimates. The
estimates of Orphanides (2004) of {ny, 7} for the Volcker-Greenspan period (k = 1, 2, 3,4) were respectively
around 1.89 — 2.12 and 0.14 — 0.18.



Reserve Bank of Philadelphia®. For details about the real-time data, see Croushore and Stark
(2001).

Lately close-to-unity estimates for the smoothing coefficient p had been found empirically,
especially when more recent data was used. For example, Bunzel and Enders (2010) and
Nikolsko-Rzhevskyy (2011) estimated the forecast-based M PRFE of U.S. with data up to
2007. Many of their estimates for p were around 0.88 — 0.98°. Nikolsko-Rzhevskyy and
Papell (2012) also found estimates for p around 0.88 — 0.94 for the sample period 1966:1 —
1979:2 when using the Hodrick-Prescott (1997) filter in computing output gaps’. However,
to the best of our knowledge, the identification failure of 7 when p ~ 1 had only been noticed
by Urquiza (2010) and Guerron-Quintana et al. (2009). Urquiza (2010) found that when
p approaches one, the zero-information-limit condition (ZILC, Nelson and Startz, 2007) is
satisfied and the asymptotic variance of the VLS estimator of m become infinite. His Monte-
Carlo simulations further showed that when the sample size is realistically small (n = 100),
even if p is fairly below one (e.g., p = 0.8), the inference for ™ based on the standard normal /
x? distribution is still spurious. Guerron-Quintana et al. (2009) suggested to reparameterize
(1 — p) 7 to prevent the identification failure of 7. Neither of them established the asymptotic

properties of the estimators.

In this paper we modify the method of Andrews and Cheng (2012) on weak / semi-
strong identification. In their seminal paper, Andrews and Cheng (2012) provided a unified
treatment for a general class of models in which the parameters of interest are {3,(,7}. 3
and ( are always identified and can be \/n-consistently estimated regardless of the value of
7. 7 is identified if and only if 5 # 0 and the estimator for 7 may weakly converge to a
nondegenerate random variable when 5 =~ 0. The problem considered in this paper looks
similar to Andrews and Cheng (2012) if we reparameterize p = 1 — 3 in the M PRF, and
consider the following data generating process (DG P):

v = pya+(1—p) X7 +e (1.2)
= 1-By1+BX n+e, t=1,...,n

Like Andrews and Cheng (2012), 7 can be identified if and only if 5 =1 — p # 0. However,

®http://www.philadelphiafed.org/research-and-data/real-time-center /

6Bunzel and Enders (2010) estimated the M PRF with Taylor (1993)’s original backward looking rule for
different subsample periods in 1965:3 — 2007:3. Most their estimates for p were in 0.894 — 0.974. Nikolsko-
Rzhevskyy (2011) estimated the forecast-based M PRF using Greenbook projections. For different forecast
horizons (k) in 1982:1 — 2007:1, his estimates for p when k& = 0 or 1 were respectively 0.91 and 0.88.

"Nikolsko-Rzhevskyy and Papell (2012) considered different forecast horizons (k = 1 or 4) in 1966:1 —
1979:2 (with p = 1).



when Equation (1.2) contains a close-to-zero 3 (close-to-one p), {y;} will be highly persistent,
and the NLS estimator for § will be super-consistent with a convergence rate n, and the
NLS estimator for m will not possess limiting distributions but actually diverge as n — oo
with a divergence rate y/n. Due to the different convergence rates of the estimators, the
problem considered in this paper, despite the similarity, does not belong to the class of
models considered by Andrews and Cheng (2012, 2013a, 2013b).

Two modifications were made to the existing method of Andrews and Cheng (2012).
First, we propose novel and simple drifting sequence approaches in approximating the finite-
sample behaviors of the NLS estimator. To study the weakly-identified 7, Andrew and
Cheng (2012) approximated the true value of 5 as a sequence drifting to zero with a stan-
dardization factor y/n, which matched the convergence rate of the estimator for 8 in their
models when § = 0. In this paper, however, to accommodate the persistence of {i;} when
B ~ 0, drifting sequences different from Andrews and Cheng (2012) are selected to match the
nonstandard convergence / divergence rates of N LS estimators when 8 = 0. Specifically, two
different scenarios are considered. In the first scenario, ‘local-to-zero ’, 5 = f3,, drifts to zero

! and m = 7, drifts to 00 with a standardization factor

with a standardization factor n~
n'/2. And the second scenario ‘distant-from-zero 3’ bridges the ‘local-to-zero 3’ scenario and
the case when f3 is fixed and strictly above zero. As in Stock (1991), the drifting sequences in
this paper are assumed to be simple linear functions of the unknown localization parameters.
Divergent drifting sequences for parameter values have never appeared in the literature and
may seem not intuitive. However, rather than any arbitrary artificial choice, the drifting-to-
infinity sequences are logical outcomes of the nonstandard convergence / divergence rates in
the NLS estimation when g = 0. Intuitively, the drifting-to-infinity 7, assumption is made
simultaneously with the drifting-to-zero [3,, assumption. We made this assumption to ensure
the desired smooth transition in the asymptotic approximation to mimic the finite-sample

behavior (Anatolyev and Gospodinov, 2011).

Second, by virtue of the linearity of drifting sequences, we are able to employ the asymp-
totic theories for near unit root processes (Phillips, 1987; Stock, 1991; Giraitis and Phillips,
2006) to establish the large sample properties with a desired smooth transition with respect
to the true values of {3, 7} for the N LS estimator and its corresponding ¢ / Wald test statis-
tics. Specifically, when [ is distant from zero, the ¢t / Wald statistics will be asymptotically
Gaussian / x? distributed. However, when 3 is local to zero, the ¢ / Wald statistics will
have nonstandard and non-pivotal asymptotic distributions. Our Monte Carlo simulation
shows that with the correctly specified values of the unknown and not-consistently-estimable

localization parameters, our asymptotic approximations fit the finite-sample densities very



well. Despite the drifting to infinity assumption for 7, our asymptotic results provide good
approximations even when 7 is small in magnitude (e.g., 7 = 0). Our simulation also show
that when [ is close to zero, the finite-sample densities can not be approximated by ordinary
bootstrapping procedure (e.g. resampling). It is not surprising since when £ is local to zero,

the asymptotic distributions will depend on the true values of the localization parameters.

The confidence sets (C'S) for any linear functions of parameters are obtained by inverting
the ¢ / Wald tests. When £ is local to zero, the C'S will depend on the values of unknown
and not-consistently-estimable localization parameters. Accordingly, we consider the null-
imposed least-favorable method (NILF, Andrews and Cheng, 2012) and the projection-
based method (Dufour, 1997). The NILF method takes the supremum of the critical values
of tests with respect to all possible values of the localization parameters under the null
hypothesis corresponding to the tests to be inverted. The projection-based method projects
the C'S for all parameters to the codomain of the function of interest. Though both the NI LF
method and the projection-based method are conservative, we show that the NILF C'S will
have correct asymptotic sizes and the projection-based method may lead to asymptotic over-
coverage. However, the projection-based method uses the information from the estimates for
all parameters of interest, and is possible to obtain a more informative C'S compared to the
NILF CS under certain circumstances. Both the NILF method and the projection-based
method require the computation of the test statistics for possible values of parameters. In

practice, the C'S can be obtained by grid methods.

According to our asymptotic theory, we construct the conservative C'S for the reaction
coefficients {7, 7, } in U.S.’s forecast-based M PRF for 1987:3-2007:4. In the NLS estima-
tion we use the Greenbook projections, i.e., the real-time data for expected inflations and
the expected output gaps ({E:ptx, Biziy}) from the Federal Reserve Bank of Philadelphia.
As in Nikolsko-Rzhevskyy (2011), we consider the case with £ = 0 or 1. For confidence
coefficients 1 — a = 0.8, 0.9 and 0.95, both the NILF and the projection-based C'S contain
many values not in the determinacy region DR = {m; > 1,7, > 0}. Our empirical results
show that the NLS estimates for the reaction coefficients are not accurate sufficiently to

rule out the possibility of indeterminacy.

The remainder of the paper is organized as follows. Section 2 provides the asymptotic
theory for the VLS estimator when S ~ 0. Section 3 establishes the limiting properties of the
t / Wald test statistics and introduces the procedure to obtain the C'S for linear functions of
parameters of interest. Section 4 gives the empirical results for U.S.’s forecast-based M PRF

for 1987:3-2007:4. Section 5 concludes. Proofs of the main results are collected in Appendix.



2 Assumptions and Asymptotic Theory

Consider the following data generating process (DGP) as Equation (1.2):

Yo = Puler + (L= p,) Xm0+ &
= (1-8)y1+B,X mn+e, t=1,...,n

The DGP is known as the forecast-based monetary policy reaction function (forecast-based
MPRF) when {y;} denotes the nominal interest rate and {X;} represents the expected
inflation (E;p; ), the expected output gap (E;z;)) and a constant one as in equation (1.1).
We reparameterize p, = 1 — (3,, so the notations are consistent with Andrews and Cheng
(2012).

Assumption 1 (Data generating process) y; = (1 — 8,,) Ye—1+ B, X T+ fort =1,....n,
where 0,, = {f,,, ™.} denote the true values of the parameters when the sample size equal to
neN. 0, €0 c(0,1] x R,

Assumption 2 {X;} is a d,-dimensional stationary ergodic sequence with B (X;) = uy €
R and E ‘le|2 < oo foralll =1,...,d; andt = 1,...,n, where X;; denotes the [-th
element of X;. Mx = E (XtXtT) € Ri=xd= s positive definite. By = var (X;) = My —

fixhix -

Assumption 3 {z;} is a sequence of independent and identically distributed (i.i.d.) random
variables independent of {y_1, X, } with B (g,) = 0, B |&,|> < 0o and var (g,) = 02 > 0 for all
t=1,...,T.

{e:} is assumed to be serially uncorrelated because if {¢;} is also persistent, then in
general Cov (y;_1,¢¢) # 0, i.e., y,—1 will be endogenous. In that case when (3, is strictly
greater than zero, the parameters of interest can not be consistently estimated by nonlinear

least squares. We further assume {e;} to be i.i.d. for simplicity.

For notational simplicity, let ¢, = {1y, Mx, 02} denote the nuisance parameters, where ¢, €
Py C R x Ré=*d= x (0,00). Also let v,, = {0, .} € ', = OF x &y denote all the para-
meters in the model, including the parameters of interest 0, = {f,,,7,} and the nuisance

parameters ¢, = {1y, Mx, 02}

In this section we establish the asymptotic properties of the nonlinear least squares (/N LS)

estimator. 6,, = {f,,, 7.} belongs to the ‘true parameter space’ ©F. For any ‘optimization

8



parameter space’ ©,, C R ! containing O (i.e., ©F C ©,), the NLS estimator En =
{Bn, %n} is defined as the minimizer of the objective function @, (¢;7,,)-

~ . 1 T 12
Qun (Hn,vn) = min Q, (0;7,) = min ; lye = (1= B) s — BX[ 7] (2.1)
In practice, the optimization parameter space ©,, can be selected as a large set to prevent

the misspecification of the parameter space.

When 3, = 3, and 7,, = my, i.e., when 6, is fixed at the constant vector 6y = {5, 7o} €
©, by the standard asymptotic theory (Newey and McFadden, 1994), En is y/n-consistent
and asymptotically normally distributed.

Theorem 1 Suppose that Assumptions 1, 2 and 3 hold and 0,, = 0y € O}, i.e., 5, = B, and

7w, = o for any n € N. Then /O\n 2, 0,, and

N (5,1 — 9n> S N (O(dﬁ-l)xl? U§VJI (Vn)) )

where Vy (7y,,) s the probability limit of the Hessian of the NLS objective function,

1
Z _BoXt (ytfl - XtTWU) ﬁﬁXtXtT

- [ (-1 — XJWO)Q —Bo (ye-1 — X mo) X

However, when § = 0, the N LS objective function @), (¢;~,,) does not depend on 7 and
therefore 7 is not identifiable. And when [ = 0, the N LS objective function is relatively flat
with respect to m and therefore 7 may not be consistently estimated. The inference about
7 based on the standard asymptotic results (Theorem 1) may also be spurious because of a
twofold reason. First, the Hessian of the N LS objective function V, (7,,) is near singular when
the objective function is relatively flat, and the standard asymptotic approximations involve
the inverse of the Hessian V; (7,,). Second, when  ~ 0, the sequence {y;} will be highly

persistent, and the N LS estimator 5,1 will have a nonstandard asymptotic distribution.

To study the case when g ~ 0, first we consider the extreme case when 5, = 0. For
simplicity, we assume yy = o, (nl/ 2) to prevent the the effect from the initial observation.
This assumption is similar to the conditional case assumption in the unit root literature
(Elliott et al, 1996).



Lemma 1 Suppose that Assumptions 1, 2 and 3 hold except that (3, is assumed to be O for
any n € N. If yo = o, (n'/?), then B, = O, (n™'), and @, = O, (n*/?).

In Lemma 1 we show that when 3, = 0, Bn will be super-consistent with a convergence
rate n, and 7, does not possess limiting distribution but actually diverge as n — oo with
a divergence rate y/n. Accordingly, in this paper we consider the following two different
asymptotic approaches, T, (1,b,c) and T', (h, b, c), to mimic the finite sample behaviors of

0, = {Bn, %n}. Through out this paper, the two classes I';, (1,b,¢) and I',, (h, b, ¢) are called

the ‘local-to-zero 3,” and ‘distant-from-zero 3, scenarios.
Definition 1 (T, (1,b,c) and T, (h,b,c)) For any b € (0,+00), ¢ €ER% and h € (0,1),

b
Fn (1’b’ C) = {{77@} € Fn : ﬂn =—, Tp= n1/20},
b
R

n
Pn <h7b’ C) = {{Vn} S 1Tn, : 67’1 - — Ty = n1/2+hc} .
n

For ~, € T, (1,b,c), 5, and 7, are assumed to be sequences respectively drifting to

1 2 are selected to match

zero / 00 when n — oo. The standardization factors n~! and n'/
the convergence / divergence rates of the NLS estimator when 3, = 0 (Lemma 1). The
asymptotic approach I';, (h,b,c) bridges the case {6, = 0y € ©%} and the local-to-zero (3,
class I', (1,b,c). The drifting sequences for 3,, are exactly the same as the frequently used
local-to-unity (Phillips, 1987; Stock, 1991) / neighborhood-of-unity (Giraitis and Phillips,
2006; Phillips and Magdalinos, 2007) asymptotic approaches if we reparameterize p,, = 1—0,,.
Divergent drifting sequences, to the best of our knowledge, have never appeared in the
literature and may seem not intuitive. However, rather than any arbitrary artificial choice,
the drifting-to-infinity sequences are logical outcomes of the convergence / divergence rates
of the NLS estimators when 3, = 0. We will discuss the divergent drifting sequences in

more details in Subsection 2.3.

In the following two subsections we establish the asymptotic results under I',, (1,0, c) and
I, (h,b,c). Our method is a modification of Andrews and Cheng (2012) on weak / semi-
strong identification. In their seminal paper, Andrews and Cheng (2012) provided a unified
treatment of a general class of models in which the parameters of interest are {3,(,7}.
and ( are always identified and can be \/n-consistently estimated regardless of the value of
m. 7 is identified if and only if 5 # 0 and the estimator for ©# may weakly converge to a

nondegenerate random variable when § =~ 0. Despite the similarity, in Lemma 1 we have

10



already shown that when 3, = 0, 3, and 7, are respectively O, (n7') / O, (n'/?). Due
to the different convergence / divergence rates of the estimators, the problem considered in
this paper does not belong to the class of models considered by Andrews and Cheng (2012,
2013a, 2013b). Although different drifting sequences are used, we develop the asymptotic
properties of the N LS estimator and its corresponding ¢ / Wald test statistics with quadratic

approximations for the objective function similar to Andrews and Cheng (2012).

In contrast to Andrew and Cheng (2012), who considered more general drifting sequences
(e.g., n'/2B3, — b), the drifting sequences in this paper are assumed to be simple linear
functions of the unknown localization parameters (3, = n~'b, m, = n'/?c, or 8, = n~'b,
7, = n'/2c). The linear drifting sequences and the property of the exponential function
lim,, oo (1 —n71b)" = exp (—b) allow us to employ the large sample theory for the time
series with a local-to-unity root by Phillips (1987) and Stock (1991) in the establishment
of the asymptotic approximations. When obtaining the confidence sets for linear functions
of parameters by inverting the tests, as in Stock (1991), the linear drifting sequences also
guarantee a surjective mapping from the values of localization parameters to the null hy-
potheses corresponding to the tests to be inverted, which is very useful in constructing a

more informative but still conservative confidence set.

2.1 Estimation Results for Local-to-Zero (3,

In this subsection we determine the asymptotic distributions of the NLS estimator b\n =
{Bn,%n} when v, € T, (1,b,¢), i.e., 8, = n~'b and 7, = n'/2c. When v, € ', (1,b,¢), as
in Andrews and Cheng (2012), we consider a quadratic approximation for @, (3, 7;~,) in
around 3 = 0.

0 o?
Qn (6777-;’771) - Qn (07 77-;’711) = %Qn (0777-;771) ’ 6 + %a_BQQn (6*777-;771) ) 62a (22)

where 0 < 5 < f3,

9 n
%Qn (Oa T Vn) - n_l Z (yt - yt—l) (yt_l - XtTﬂ—) ’
t=1
62 * —1 - T 2
a_BQQn (6 y T 771) = n Z (ytfl - Xt 7'(') :
t=1

11



Since 9*Q, (8,m;7,,) /0B does not depend on 3, 9*Q,, (8%, ;7,,) /0B* = 9*Qn (0,7;7,,) /O5°.

Therefore, equation (2.2) can be written as:

0 1 02
Qn (57 e ﬁ)/n) - Qn (07 U f)/n) = %Qn (07 e ﬁ)/n) ’ 6 + 58—62 n (07 T f}/n) ' 52' (23)
For any R% -valued 7, when n — oo, let
n Y21 = k. (2.4)

Lemma 2 Suppose that Assumptions 1, 2 and 3 hold, v, € I';, (1,b,¢), and yo = 0, (nl/Q).

Then for any R¥-valued © with n='?>m = K, as n — oo,

0
%Qn 0,77,) = G(krb,c;py), and
62

nila_BQQn (Oa Ue %@) = H (’%Tra bv C; (:00) )

where G (K, b,¢;9y) and H (K, b, ¢; ) are defined in Lemma 5 in Appendiz A.

According to equation (2.3) and Lemma 2, let ¢ (Ag, kx, b, €; py) be the asymptotic ap-
proximation of @, (3, 7;7,) — Qn (0,7;7,),

1
q(As: ki, b, €509) = G (K, b, €5 09) - Ag + STH (i, b, €509 - A% (2.5)
For any given k., let /)\\5 (Kx, b, €; ) be the infimizer of ¢ (Ag, kr, b, €;7,,):
q <Xﬁ (K, b,C;00) , Ky b, C; g00> = i/{lfq (Ag, Kr, b, € 00) (2.6)
8

and K, (b, c; p,) be the infimizer of ¢ <X5 (K, b,€500) s Ky b, C; go()):

0 (% (e (6,5 00) b, 00)  ox (,050) b, €550 (2.7)

= inf q (3\\5 (/‘iﬂ, b, C; 900) y Ko b, C; 900> .
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Theorem 2 Suppose that Assumptions 1, 2 and 3 hold, vy, € T, (1,b,¢), and yo = 0, (n/?).

Then
B — s (B (b, c;00) b, ¢ 00) — b
nl(fn 6n> :>?(b7c,<po) _ ﬁ(/ﬁ} /(\ 707S0(:]>7 7C7¢0)
12 (R — ) R (b c;9) — €

Remark 1 1. In Theorem 2 we show that when ~, € T', (1,b,c), B

with a convergence rate n, and 7, does not possess limiting distribution but actu-

n 18 super-consistent
ally diverge as n — oo with a divergence rate v/n. The asymptotic distributions of
n (Bn - 6n> /Y2 (%, — m,) are nonstandard and depend on the values of unknown
parameters, including nuisance parameters ¢, = {uy, Mx, a2} and localization para-
meters {b,c}. In Section 3 we will show that when v, € 'y, (1,b,¢c), thet / Wald test
statistics corresponding to the null hypothesis Hy : RO, = v and the confidence sets of
RO,, will still depend on the values of {b,c}. And it causes difficulties in testing Hy
and obtaining the confidence sets of RO,.

2. The problem considered in this paper is not in the class of models in Andrews and Cheng
(2012), and our drifting sequence approaches are different from theirs. However, our
quadratic approximation of the NLS objective function, which is only with respect to [
around = 0, is similar to the corresponding weak-identification scenario in Andrews
and Cheng (2012). Since w vanishes in Q, (8, 7;7,) when f =0, Q, (O T 7,) does not
depend on the values of both 5 and 7. Therefore, the NLS' estimator 9 { By 7Tn} 18
also a minimizer for Q, (8, m;7,) — Qn (0,7;7,), which has the quadratic expansion as
in equation (2.83). Then the asymptotic properties of 0, = {Enﬁn} can be determined
with Lemma 2, which employs the asymptotic theories for near unit root processes by
Phillips (1987) and Stock (1991). Because of the persistence of {y;} when B =~ 0, the
empirical process central limit theorems (e.g., Andrews, 1994) used by Andrews and
Cheng (2012) in their corresponding weak-identification scenario can not be applied to

the problem in the present paper.

According to Theorem 2, the asymptotic distributions of n <Bn — ﬁn) /Y2 (R, — )
depend on unknown nuisance parameters ¢, = {uy, Mx,02}. Let {€;} be the residuals of

the NLS estimation, and p, = {uxn, Mx ., 0 } be the estimator for ¢,:

- - i RS SORINEE
fxn = n'> X, My,=-> XX/, G,=n") 7 whee (28
’ n
t=1 =

t=1

& = yt—<1—5n>yt_1—BnXtT%n, t=1...,n.

13



Lemma 3 Suppose that all conditions of Theorem 2 are satisfied. Then p,, 2, ©o-

Lemma 3 shows that ¢, can be consistently estimated by ©,,. Therefore, when the true
values of the localization parameters {b,c} are known, we are able to replace the unknown
nuisance parameters ¢, with the estimates ©,, and obtain the asymptotic distributions
of n (ﬁn — Bn) / n~Y2 (%, — m,) by Monte Carlo simulation. We omit the formal proof
since it directly follows by the continuous mapping theorem. Our Monte Carlo simulation in
Example 1 shows that our asymptotic approximations fit the finite-sample densities very well.
Since the localization parameters {b, c} are unknown in practice, we propose to approximate
the finite-sample behaviors of n (En — Bn> / n~Y2 (7, —m,) by the grid method, i.e., to
generate grids over the parameter space ©; and to obtain the asymptotic approximations
for every grid. Due to the not-consistent-estimability of {b, ¢}, we are not able to determine
the ‘correct’ grid. However, the asymptotic distributions for every grids can be used in the
construction of the confidence sets with correct asymptotic sizes for specific linear functions
of parameters 6,,, which we will discuss in more details in section 3. In Example 1 we also
show that because the asymptotic distributions of n (En - ﬁn> / n~Y2 (%, — m,) depend on
the true values of the localization parameters {b, c}, the bootstrapping procedures, e.g., the

simple resampling, will not provide valid approximations for the finite-sample behaviors.

Example 1 Consider the following model as equation (2.9):

vy =1—=0,) -1+ 0B, (Ton+minz)+er, t=1,....n, (2.9)
where x; "X N(0,1), & ESE N(0,1), B, =b/n, mon =n?cy, 71, = n*?cy, and n = 100.
Using Theorem 2, Figures 1 and 2 provide the simulated finite-sample and asymptotic
densities of n (Bn — 571) and n~Y2 (71, — m1,) given the true values of {b,cy,c1}. We con-
sider B, € {0.02,0.05,0.1} and mo, = T, = 2, i.e., b € {2,5,10} and co = ¢1 = 0.2.
We do not report the densities of Ty, since the results are similar to Ty ,. The asymptotic
approxrimations based on Theorem 2 fit the finite-sample densities very well. In contrast,
Figures 8 and 4 provide the simulated finite-sample and bootstrapping (resampling) densities
of n (Bn — Bn> and n=Y? (71, — m1n). The resampling densities do not fit the finite-sample
densities.
For all results 50,000 simulation repetitions are used. For the asymptotic densities,
we first generate 200 different sets of data to estimate the unknown nuisance parameters
0o = {px,Mx,02}. And with each estimates @, we generate the asymptotic approz-

imations with 250 repetitions. The Wiener process W. (r) and the Ornstein—Uhlenbeck
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process J_pe (1) in the asymptotic distributions are approximated by T —1/2 ZSLZJ 1, and

T2 (1 = oy with T = 10,000 and n, "% N (0, 1).

S

s

2.2 Estimation Results for Distant-from-Zero g,

In this subsection we determine the asymptotic distributions of the NLS estimator 5,1 =

~

{ﬁn,%n} when v, € T, (h,b,¢), i.e., 8, = n~"b and 7, = n~¥/?*"c, where h € (0,1). When
Yo € I'n (h,b,c), we consider a quadratic approximation for @, (6;+,,) around 6,, as Newey
and McFadden (1994) and Andrews and Cheng (2012):

@n (0:7) — @n (On; 7,) (2.10)

in which 6* is in between of 6,, and 6,

T . o XT
D@Qn (97“’)/”) = n Ztil (yt 1 t 7T0) Et ] 7

_571”_1 Z?:l tht
_ n 2
n~t thl (?Jt—1 - X;WO)

% T L X (B (Y1 — X mo) + 2] Ban™ 30, XX

Let
0
L ] . (2.11)

Lemma 4 Suppose that Assumptions 1, 2 and 3 hold, v, € T, (h,b,c) and v = {0,¢,} €
Ly (h,b,c). Then

1. 0 2B (h) DoQu (03 7,) = G (b590) ~ N (0 11)x1, 02V (b5 ) ), where

Vi (b; 900> =

04.x1 b0*My

2. BV (1) Dyg Qu (6 7,) B () 2 Vi (B520)-
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Theorem 3 Suppose that Assumptions 1, 2 and 3 hold and vy, € T',, (h,b,c). Then

12+h/2 (3 _
n (6" Bn) ] é/V‘(0(dw+1)x1,ff§V{1 (b 9)) -

nl/2—h (T — )

n2B (h) (En - en> - [

Remark 2 1. In Theorem 3 we show that when~, € T',, (h,b,c), B,—f, = O, (n=1/271/%),
and 7, — 1, = O, (n_1/2+h). Despite the non-standard convergence / divergence
rates, the asymptotic distributions of n'/?>+"/2 (Bn — Bn> /nl?7h (7, —m,) are stan-
dard (Gaussian distributions). In the next section when we consider the tests for the
null hypothesis Hy : RO, = v and the confidence sets of R0,,, we will show that when
Yo € T (h, b, €), the asymptotic distributions of the t / Wald test statistics correspond-
ing to Hy will also be standard (Gaussian / x? distributions) and pivotal (not depending
on the values of {b,c,h}). This result will be very useful in testing Hy and obtaining
the confidence sets of RO,,.

2. Again, the problem considered in this paper is not in the class of models in Andrews and
Cheng (2012), and our drifting sequence approaches are different from theirs. How-
ever, our quadratic approximation of the NLS objective function is similar to the
corresponding semi-strong-identification scenario in Andrews and Cheng (2012). The
asymptotic properties of gn = {Bn, %\n} are determined with Lemma 4, which employs
the asymptotic theory for near unit root processes by Giraitis and Phillips (2006), who
rescaled the statistics of interest to satisfy the central limit theorem. Andrews and
Cheng (2012) also rescaled their statistics of interest for exactly the same reason in

their semi-strong-identification case.

2.3 Sequences Drifting to Infinity

When v, € I',, (1,b,¢), or v, € ', (h,b,c) with A > 1/2, to mimic the true value of 7 we

use sequences drifting to +o00 (7, = n'/2c when v,, € T, (1,b,¢), and 7, = n~*/>""c when
Yo € T (h,b,c)), which, to the best of our knowledge, have never appeared before in the

literature.

We consider sequences drifting to infinity for two reasons. First, rather than any arbitrary
artificial choice, the drifting-to-infinity sequences are logical outcomes of the convergence /

divergence rates of the NLS estimators. Lemma 1 shows that when 3, = 0, Bn will be
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super-consistent with a convergence rate n, and 7, does not possess limiting distribution
but actually diverge as n — oo with a divergence rate y/n. The class T, (1,b,¢) (8, =n"'b
and 7, = n'/2c) matches the convergence / divergence rates. And the class T, (h,b,c)
(B, = n"b and m, = n~Y?*hc) bridges the two cases ({#,, =0y € ©*} and T, (1,b,c)).
Intuitively, the drifting-to-infinity 7,, assumption is made simultaneously with the drifting-to-
zero (3, assumption. We made this assumption to ensure the desired smooth transition in the
asymptotic approximation to mimic the finite-sample behavior (Anatolyev and Gospodinov,
2011).

Second, Theorems 2 and 3 show the necessity of the drifting-to-infinity assumption for
inference about 7,. When f3,, is approximated by a local-to-zero sequence (3, = b /n), if we
consider a drifting sequence for m, with a standardization factor less than n'/?, e.g., if we

assume that 7, is a non-zero constant vector, then by Theorem 2 with ¢ — 0,

W, a2 (R, ) 4 o(1) = e (0,05 0).

That is, n~V/2%, = n~1/2 (7T, — Tn), the asymptotic distribution of 7,, does not depend on

the true value of m,, and we are not able to make inference about 7, based on its estimate
=b / nh

with h € (0,1)), if we consider a drifting sequence for m,, with a standardization factor less

Tn. Similarly, when f,, is approximated by a neighborhood-of-zero sequence (3,

than n~'/?*" then again, by Theorem 3 with ¢ — 0,

n2 e = 2 (G ) 4o (1) AN (04, 02b M)

1/2-hz A p1/2-h (7T, — ), the asymptotic distribution of 7,, does not depend on

Again, n
the true value of m,, and we are not able to make inference about 7, based on its estimate

T, €ither.

Although we reparameterize the true value of m as a sequence drifting to oo as the
sample size n — oo when v,, € I';, (1,b,¢), or v,, € I',, (h, b, ¢) with A > 1/2, the true value of
7 should not be viewed as an infinite number. m, is always finite for any sample size n € N.
In practice, the true value of m does not need to be large in magnitude. In Example 2 we
show that even if 7 = 0, our asymptotic approximations based on Theorem 2 still fit the

finite-sample densities very well.

Example 2 Again, consider the following model as equation (2.9):

Yy = (1 - Bn) Yi—1 + 6n (7r0,n + Wl,nxt) + &, t= 17 <o N,
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where o, & N(0,1), & ESE N(0,1), B, =b/n, mo, = n*?co, 71, = n'/%c1, and n = 100.

Still, we consider (3, € {0.02,0.05,0.1}, i.e., b € {2,5,10}. However, in this example we
consider the case when my, = 1, =0, i.e., cg = c1 = 0.

Using Theorem 2, Figures 5 and 6 provide the simulated finite-sample and asymptotic
densities of n (Bn — ﬁn> and n~1/2 (T1n — 1) given the true values of {b,co,c1}. The

asymptotic approximations based on Theorem 2 fit the finite-sample densities very well.

2.4 Drifting Sequence in Andrews and Cheng (2012)

We conclude this section by discussing the differences between the asymptotic approaches in
this paper and Andrews and Cheng (2012). In the models considered by Andrews and Cheng
(2012), the parameters of interest are {(,(, 7}, in which  and ¢ are always identified and
can be \/n-consistently estimated regardless of the value of 7, and = is identified if and only
if B # 0 and the estimator for 7 may weakly converge to a nondegenerate random variable
when 3 ~ 0. To match the convergence rate they employed the drifting sequence n'/23, — b
in their weak-identification scenario, and the sequence n'/?23, — oo in their semi-strong-
identification case. However, for the problem considered in this paper, in Lemma 1 we have
already shown that when 3, = 0, 3, — 8, and 7, are respectively O, (n™) / O, (n'/?). Due
to the difference in the convergence rates of estimators, we consider I, (1,5, c), in which
nB3, = b and n~/?m, = c to match the convergence / divergence rates, and use I',, (h,b, c),
i.e., n"3, = b and n*/?~hx, = c, to bridge {0, =y € ©:} and T, (1,b,c). In Theorems 2
and 3 we have already shown the necessity of the drifting-to-infinity assumption for inference

about 7,.

The drifting sequences considered in Andrews and Cheng (2012) in their weak-identification
scenario reduces to the case when v, € I';, (h,b, c) with h = 1/2, in which (5, is a sequence
drifting to zero with a standardization factor n=*/2 (n'/23, = b) and =, is a constant vector
(m, = c¢). We have already shown (in Theorem 3) that when ~, € T, (h,b,c), the NLS
estimator 7,, is asymptotically Gaussian distributed when b # 0, and is unidentifiable when
b = 0 since Avar (7,,) = 02b2My" — oo when b — 0. For the problem considered in this pa-
per, if one consider the drifting sequences of Andrews and Cheng (2012), the desired smooth
transition of the asymptotic approximation will be missing, due to the insufficient standard-

ization factors not matching the convergence / divergence rates of the N LS estimator when

B, = 0.
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3 Confidence Sets and Tests

In the section we establish the limiting properties of the t / Wald test statistics and introduce
the procedure to obtain the confidence sets with correct asymptotic sizes for specific linear

functions of parameters of interest. Consider a linear null statistical hypothesis:
Hy: RO, =, (3.1)

where R €R%*(@=+1) ) ¢ R4 where d, < d, + 1, and Rank (R) = d,..

3.1 t and Wald Test Statistics

Consider the ¢ statistics 7}, (v) (when d, = 1) and the Wald statistics W), (v) corresponding
to the null (equation (3.1)):

nl/? [R@n — v}

~ 1/2°
[aiRV;lRT]

W,(v) = n [R@n - U} ! [aiR\Af,;lRT} - [R@n - U} , (3.3)

where 52 = n~' 3.1 & is defined in equation (2.8), and

; [ (1= X7 Doy — XTR) X7 ] (5.4

Vn - nil o~ ~ ~2
_BnXt (yt—l - Xt—rﬂn) BnXtXtT

t=1

In the results below we provide the asymptotic properties of the ¢ / Wald test statistics
under the null. Consider the sequence of the null hypotheses Hy : Rf,, = v,,, where v,, is the
true value of R#,,. T, (v,) / W, (v,,) are denoted as T,, / W,, for notational simplicity.

Theorem 4 Suppose that Assumptions 1, 2 and 3 hold.

1. When 0, = 6y € ©F, i.e., B, = By and m, = 7 for any n € N, T, 2 N (0,1), and
A
W, ~ x*(d,).

2. When v, € T,,(1,b,¢) i.e, B, =b/n with0 < b < oo and 7, = n*'%c, and yo =
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Op (”1/2)’
R?(b7ca 900)
[02RV; " (b, ¢; ) RT]
W, = W(bcg) = R7(b,cip)] [02RV] (b,c;00)RT] T R7 (b, ¢; ) ,

Tn = T(b,C,QO()):

where V1 (b, c;¢,) is defined in Theorem 6 in Appendiz A, and T (b, c; p,) are defined

i Theorem 2.

3. When v, € Ty (h,b,c), ie., B, =b/n" with0 < b < oo and m, = n~"*Thc, where
O<h<l1,T, AN (0,1), and W, 2 y2(d,).

Remark 3 1. In Theorem 4 we obtain the asymptotic distribution of thet / Wald statis-
tics for all three cases we consider. When 0,, = 6y € ©% or~, € I',, (h,b,c), T,, / W,
have the standard and pivotal asymptotic Gaussian / x? distributions. However, when
Yo € T (1,0, ¢), the asymptotic distribution of the T,, / W, will depend on T (b, c; ¢,)
and V (b, c; ), which themselves are functionals of the Ornstein—Uhlenbeck process
we define in Lemma 2 and depend on the values of unknown nuisance parameters

0o = {1y, Mx, 02} and localization parameters {b,c}.

2. Similar to Mikusheva (2012), in this paper we only consider linear null hypotheses
Hy : RO, = v. For the nonlinear null hypothesis, e.g., Hy : r(0,) = v with a differ-
entiable function v : Rt — R econometricians usually use the delta method
to approzimate the asymptotic variance of r(6,) by 62R" (§n> \Afg 'R (571), where
R (0) = Dgr (0) is the derivative of r (#). When 6, is a consistent estimator for 6,,, by
the continuous mapping theorem, R (@L) 2R (0,,). For the problem we consider, how-
ever, we have shown that when ~y, € I';, (1,b,¢) or~, € I, (h,b,c) with h > 1/2, 7,
s not a consistent estimator for m,, and therefore the bias of R </€\n> 18 not negligible.
For inference of nonlinear functions, one may consider the parametric bootstrapping
(Krinsky and Robb, 1986) or the confidence interval bootstrapping (Woutersen and
Ham, 2013).

Again, when ~,, € T',, (1, b, ¢), the asymptotic distributions of 7}, / W), depend on unknown
nuisance parameters ¢, = {uy, Mx,0%}. In Lemma 3 we have already shown that the
unknown nuisance parameters p, = {1y, Mx, 02} can be consistently estimated by p, =

{ﬁX,nJ M X 82}. Therefore, for any given values of the localization parameters {b, c}, the
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asymptotic distributions of 7,, / W,, can be obtained by replacing the unknown nuisance

parameters @, with the estimates ©,,.

Example 3 (Example 1 continued) Again, consider the following model as equation (2.9).

Yo = (1 - Bn) Yt—1 + Bn (7T0,n + 7Tl,nxt) ‘&, = ]., Lo, n,

where x, & N(0,1), & ESE N (0,1), B, =b/n, o, = n?co, T, = n'/%c1, and n = 100.
Let T,, / W, denote the t / Wald statistics respectively corresponding to Hy : f = (3, and
Hy : m = 1, where B, and 71, denote the true values of 5 and m;.

Using Theorem 4, Figures 7 — 10 provide the simulated finite-sample and asymptotic
densities of T,, /' W, given the true values of {b,cy,c1}. We consider 3, € {0.02,0.05,0.1}
and mo, = T, = 2, t.e., b€ {2,5,10} and ¢y = ¢; = 0.2. The asymptotic approxzimations

based on Theorem 4 fit the finite-sample densities very well.

3.2 Robust Confidence Sets

In this subsection we obtain the confidence sets (C'S) of R6,, by inverting the ¢ / Wald tests.
In the following we focus on the two-sided confidence intervals based on the Wald tests. The

one-sided / two-sided confidence intervals based on the ¢ tests are analogous.

In Theorem 4 we have already show that when 0,, = 6y € ©} or v, € T', (h,b,c), the
Wald statistics is pivotally asymptotically x? (d,)-distributed. And when v, € T', (1,5, c),
the Wald statistics has a nonstandard and non-pivotal asymptotic distribution depending on
the values of the localization parameters {b, c}. Without any prior information about which
category the parameters 7, belongs to, a conservative and robust confidence set (C'S%)
is defined as a union of C'SZ the C'S when v, € I, (1,b,¢), and CSP the C'S when
0, =6y€ 0} ory, €l (hb,c).

CSE RO 1 —a,py) = CSE (RO, 1 — a,0) UCSP (RO, 1 — ). (3.5)
1 — «a denotes the confidence coefficient. L and D respectively represent ‘local-to-zero f3,,’

and ‘distant-from-zero f3,,’.

CSP is obtained by simply inverting the Wald test. Let X?l,-,l—a be the (1 — a))-quantile
of x?(d,). Since the Wald statistics is pivotally asymptotically x? (d,)-distributed when
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0, =00 0O, or~, €', (hbc),

CSP (Rbp;1—a) ={v: W, (v) < X710} (3.6)

For CSE. ie., the CS when v, € T, (1,b,c), first we consider a simple case. Since
RO, = R[B,, 7] = R[n,n"2%c"]" when v, € T, (1,b,c), let H(R,v) be the ‘null-
imposition set’ for the localization parameters {b, c}, which contains all possible values of

the localization parameters {b, c} under the null Rf,, = v.
H(R,v) = {b,c :R [n7'b, nl/ch}T =v, {n7'b nl/ch} € @n} . (3.7)

The definition of the null-imposition set H (R, v) is similar to equation (5.2) in Andrews and
Cheng (2012). If H (R,v) is a singleton for every v, C'SL can also be obtained by simply
inverting the Wald test. Let &,_, (W (by, cy; ¢p)) be the (1 — a)-quantile of W (b, ¢,; ¢,),

and R [n’lbv,nlmcﬂT = v. When n — oo,
CSy (Rn; 1 —a,00) = {v: Wi (0) < &y W (buy o5 90)) - (3.8)

For example, suppose that R =1;_,; and R#,, = 0,,, i.e., we are interested in the confidence
set of ,,. Since 0, = {8, 7.} = {n~'b,n'/?c}, for any given null hypothesis Hy : 6,, = vy,
the values of the localization parameters are available under the null hypothesis. Therefore
the asymptotic distribution of the Wald statistics is also available. When H (R, v) is a
singleton, the robust C'S is defined as:

CSE(RO;1—a,00) = {v:W,(v) <" (ROn;1—a, )} (3.9)
= {U : Wi (v) < max {X(zir,lfavél—a (W (by, €3 900))}} .

However, the null-imposition set H (R, v) may not be a unit set. For example, suppose
RO, = m,, i.e., we are only interested in the confidence set of m,. Then for any given

127 i available under the

null hypothesis Hy : 7, = v,, even though the value of ¢ =n~
null, the value of b = nf,, is still unknown. Since the asymptotic null distribution of the
Wald statistics depends on the value of b, we are not able to determine the asymptotic null

distribution, and the corresponding C'S.

For the case when v,, € I, (1,5, ¢) and the null-imposition set H (R, v) is not a unit set,

we consider two different methods to obtain the C'S, the null-imposed least-favorable method
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(Andrews and Cheng, 2012) and the projection-based method (Dufour, 1997). The null-
imposed least-favorable method establishes the confidence set C'SZL by selecting {b,, ¢, }

with the greatest critical value among H (R, v). When n — oo,

CS#LF (ROn;1 — o, ) = {U W (v) < sup §1a W (b, c; ‘Po))} . (3.10)
{b,c}eH(R,v)

For example, in the case when Rf,, = 7, since the value of b = n/3,, is unknown under the
null hypotheses, the null-imposed least-favorable method constructs the 'S by selecting
the value of b maximizing &, , (W (b,c;¢,)). CSELE is conservative since the greatest

critical value is used. The robust C'S based on the null-imposed least-favorable method is

defined as:

CSFE (RO 1 —a,00) = {v: W, (v) <P (RO —a, )} (3.11)
= {U : W, (v) < max {Xi,la, sup &, W (by, co; 900))}} :
{bc}eH(Rw)

The projection-based method establishes the confidence set C'SL¥ by projecting an
(dx + 1)-sphere to the R¥-space. For any given null hypothesis Hy : R, = v, let R = PQ,
where P ¢R4 >+ Q cRE+Dx(dx+1) "rank (P) = d, and rank (Q) = d, + 1. The the null
hypothesis Hy : Rf,, = v can be written as

H, : PQb,, = Pw. (3.12)
The matrices P and Q always exist since one can always select {P,Q}={R,1; 41} Let
H(Q,w) = {b,c 1 Q [n_lb, 7L1/2CT]T = 1w, {n_lb, nl/QCT} € @n} . (3.13)

By rank (Q) = d,+ 1, H (Q, @) is a singleton. The C'S for Q6,, can be obtained by equation
(3.8).
057[; (QHTM 1- «, 900) - {w : W’ﬂ (w) S gl—a (W (bwa Cw; @0))} .

The confidence set C'SL is established by projecting C'SZ, an (d, + 1)-sphere, to the R%"-

space.

CSEP (RO,;1—a,00) = PCSE(QO,;1—a, ) (3.14)
= {U ‘v = Pwa Wn (w) S 61704 (W (bw7 Cw; @O))}
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In practice, a simple choice for the matrices {P, Q} is {R, I 11}, the matrix R itself and the
identity matrix I[; ;. For example, in the case when R#,, = 7, the projection-based method
constructs the C'SHF by projecting the C'S of 6,, to the Ré=-space. C'SL? is also conservative
since for any set C CR@+1) the event {Q6,, € C} entails {PQ#,, € PC}. However, intuitively
the projection-based method uses the information from the estimates for all parameters of
interest, and it is possible to obtain a more informative but still conservative confidence set
compared to the null-imposed least-favorable one under certain circumstances. The robust

C'S based on the projection-based method is defined as:

CSEF (RO 1 —a, ) = PCST(QOn;1 — a, ) (3.15)
= {U U= Pwa Wn (W) S max {X?lTrJrl,lfa? gl—a (W (b‘w’ Cw; SO()))}}

For any finite-sample confidence set C'S,,, the asymptotic size (AsySz) approximates the

smallest finite-sample coverage probability.

AsySz (CS,) = li}gi;}f wirellf“n P (RO, € CS,). (3.16)
Notice that in the definition of the asymptotic size (equation (3.16)) liminf, ., is taken
before inf,, cr, i.e., the asymptotic size is defined as the probability limit (as n — oo) of the
infimum of the exact finite-sample coverage probability. This definition reflects the fact that
we are interested in the exact coverage probability, and asymptotic coverage probability is
simply used to approximate the exact one. Since the exact finite-sample coverage probability
are unavailable, in the following Theorem 5 we show that we can exchange liminf, .., and
inf, cpr. That is, we show that the asymptotic size can be obtain by taking the infimum of
the asymptotic coverage probability. Similar arguments can be found in Andrews and Cheng
(2012), Guggenberger (2012), Li (2013), Mikusheva (2007, 2012) and many others. Theorem
5 shows the correctness of the asymptotic sizes of C'SE® and CS*F. The projection-based
CSEP however, may be asymptotic oversized, i.e., may have an asymptotic size higher than

the required confidence coefficient 1 — a.

Theorem 5 Suppose that Assumptions 1, 2 and 3 hold and yo = o, (nl/z) when v, €
I, (1,b,c).

1. When the null-imposition set H (R, v) is a singleton for every v, AsySz (C’Sf;2 (RO,;1 — a, <,00))

1—oa.
2. AsySz (CSELT (RO,;1 — a, ) =1 — av.
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3. AsySz (CSEP (Rb,;1 —a, ) > 1 —

Remark 4 1. As in Andrews and Cheng (2012, 2013a, 2013b), we obtain the C'S by
wnverting the tests. One may consider to obtain the C'S directly from the asymptotic
distributions of/H\n, as in Mikusheva (2012). However, we have already shown that when
Yo € T (h,b,€), though the asymptotic distributions of @1 will depend on the unknown
values of {h,b,c}, the t / Wald statistics will have standard and pivotal asymptotic
distributions. Therefore, to consider the t / Wald statistics is much simpler then

considering the estimates gn

2. By virtue of our linear drifting sequence approaches, as in Stock (1991), there is a sur-
jective mapping from the values of localization parameters {b,c} to the null hypotheses
corresponding to the tests to be inverted in obtaining the C'S. Therefore, the null-
imposed least-favorable method takes the supremum of the critical values of tests only
with respect to the possible values of {b,c} in H (R,v). Without the onto mapping,

127, — ¢, the simple least-favorable method would take

e.g., if we simply assume n~
the supremum w.r.t. all possible values of the {b,c} in the parameter space ©,. A

wider and less informative confidence set may be obtained.

3. For the projection-based method, again, under our linear drifting sequence approaches,
a confidence set for QB, is directly available since the null-imposition set H (Q,w) is
a unit set. For example, when Q =l;_,1, we are able to construct a confidence set
for 6, since the values of {b,c} are known under the null hypotheses of the tests to
be inverted. Without the onto mapping, the confidence set for Qf,, will not be directly

available.

4. In the case when the C'S of m, is interested, the null-imposed least-favorable selects the
value of b = nf,, maximizing the critical values of the Wald tests to be inverted. Since
the null-imposed least-favorable C'S (CSELY) may be very large, McCloskey (2011)
proposed a Bonferroni-based size-correction method to obtain a more informative C'S.
When the parameters of interest are {5,,m,} and m, is not identified if and only if
B, = 0, McCloskey (2011) suggested to obtain a CS for (3, at first, and to select
the value of the localization parameter corresponding to 3, within the obtained C'S.
However, for the problem considered in this paper, Theorem 2 shows that the asymptotic
distribution of ﬁn will depend on not only b but also c, i.e., the localization parameters

corresponding to the true values of {B,,, mn}. Therefore it is not feasible to construct a

25



CS with correct asymptotic coverage probability of 3, without any information of the

true value of m,.

Again, when v, € T',, (1,0, c), the C'S of R6,, depends on unknown nuisance parameters
0o = {ix,Mx,c?}. Since the nuisance parameters ¢, can be consistently estimated by

O, = {,ﬂ X M Xns 331}. Therefore, the C'S can be obtained by replacing ¢, with ©,,.

Example 4 (Example 1 continued) Again, consider the following model as equation (2.9).

Y= (1= B,)yi-1+ B, (Mo + T1nve) + 6, t=1,...,n,
where z; " N(0,1), & "X N(0,1), B, € [0.02,0.5], T € [0,2], T € [0,2], and
n = 100. In this example we construct the C'S for RO, = 71, with1 —a = 0.8 and 0.9 by
the null-imposed least-favorable method (CSEEE) and the projection-based method (CSLT)
and compare the CSs with the C'S from the standard (Newey and McFadden, 1994) based
on the x* (1) distribution.

Figures 11 and 12 provide the simulated coverage probabilities (CP) of the three CSs
when w1, = 2. For both cases 1 — o = 0.8 and 0.9 and for every values of (3, and m,,
CSELE and CSEY have CPs greater than the confidence coefficient 1 — «, while the CPs
of the x* (1) CS are seriously downward biased, especially when (3, is close to zero. Under
most circumstances CSELY has coverage probabilities closer to 1 — «, especially when 3,
is close to zero. However, when (3, is distant from zero, CSEP may have better coverage
probabilities.

For all results 5,000 simulation repetitions are used. For values of 3, and mo, / T1n,
11,466 grids are generated in the true parameter space ©F = [0,0.5] x [0, 4]2, where grids for

B,, and Ty, / T, are respectively of size 0.02 and 0.2.

4 Empirical Application: U.S.’s Forecast-Based MPRF

According to our asymptotic theory, we construct the conservative confidence sets for the
reaction coefficients {m;, 7, } in U.S.’s forecast-based M PRF' and examine if {7, 7, } belong
to the determinacy region DR = {7, > 1,7, > 0}. When 7; > 1 and 7, > 0, regardless of
the values of other unknown parameters, the M PRF' sufficiently satisfies the determinacy
condition, i.e., the monetary authority adjusts the nominal interest rates with ‘sufficient

strength’ in response to inflations and output gaps (Woodford, 2003; Gali, 2008)
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In the NLS estimation we use the Greenbook projections, i.e., the real-time data of the
ex ante forecasts for inflations and the expected output gaps of the Federal Reserve. The
real-time data is available in the Federal Reserve Bank of Philadelphia for 1987:3-2007:4,
i.e., n = 82. As in Nikolsko-Rzhevskyy (2011), we consider the following model with & = 0
or 1.

iv = (1= B)ir—1 + B (ma + mEpr e + Tl i) + €4, (4.1)

where {i;} denote the average of effective federal funds target rates at the last month of each
quarter, and {E:p; x, Bz} are Greenbook projections for the annualized inflations and the
average output gaps between periods t and t+ k. t = 1,...,82. Figure 13 provides the plots
of the data. Table 1 reports the NLS estimates, where in the parentheses we report the

estimates of standard errors according to Equation (3.4).

Let 8 = 3, = n~'b and 7, = 74, = n'/%c,. The null-imposed least-favorable C'S
(CSELFY of {7y, 7, } is obtained by selecting the values of b and ¢, maximizing the critical
values of the Wald tests corresponding to different values of {m;, 7, }. Figure 14 reports the
CSLLE and the standard C'S based on x? (2) distribution. For both cases for k¥ = 0 and 1,
the C'SLEE with confidence coefficients 1 — o = 0.8, 0.9 and 0.95 contain many values not
in the region DR = {7, > 1,7, > 0}.

As a robustness check, we also construct the projection-based C'S (CSLF) of {7;, 7.},
which are obtained by projecting the C'S of all parameters of interest from the R* space to
the R? space for {m, 7, }. Figure 15 reports the C'S2Fs. For all cases CSEF are even larger
than CSZLF and contain even more values not in DR. Our empirical results suggest that
the NLS estimates for the reaction coefficients are not accurate sufficiently to rule out the

possibility of indeterminacy.

For all results 5,000 simulation repetitions are used. For values of parameters, 45, 056
grids are generated in the true parameter space © = [0,0.2] x [—1, 2]3, where grids for 3

and 7, / m, / m, are respectively of size 0.02 and 0.2.

5 Concluding Remarks

In this paper we modify the method of Andrews and Cheng (2012) on inference with weak /
semi-strong identification and establish the asymptotic distributions of the NLS estimator
/ tests for the forecast-based monetary policy reaction function (M PRF) with a close-to-

unity smoothing coefficient. Conservative confidence sets with correct / over asymptotic
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coverage probability for linear functions of parameters are obtained by the null-imposed
least-favorable method (NILF') and the projection-based method. Our empirical result
suggests that the N LS estimates for the reaction coefficients are not accurate sufficiently to
rule out the possibility of indeterminacy for U.S.’s forecast-based M PRF for 1987:3-2007:4.
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6 Appendix A: Details of Lemma 2 and Theorem 4

In this section we provide details of Lemma 2 and Theorem 4. Proofs are collected in

Appendix B.

Lemma 5 (Lemma 2) Suppose that Assumptions 1, 2 and 3 hold, ~,, € T',, (1,b,¢), and yo =
Op (nl/ 2). Let Z be a standard-normally distributed random variable, W- (-) be a standard
Wiener processes and J—p . (+) be an Ornstein—Uhlenbeck process such that for any r € [0, 1],

when n — o0,

[nr)
_1/22Xt€t = o.M 1/2 Z, 1/2Z€t:>05 . , and

t=1

n~1/?2 Lij (1 - 9) " g = Joe(r) = /0 exp (—b (r — s)) dW. (s) .

n
t=1

1/2

Then for any R -valued © with n=Y*1 = Kk, as n — oo,

1. (aQTL (09 N 771)) /86 = g (liﬂa ba C; 900)7 where

g(’iﬂvbc.ng)
_ / T ()WY ( m(/ (1 - exp(— >>dw5<r>)cmX—aenIM¥2z

—ba/j%,s dr—2bae</0 (1 —exp(— ))jbs()dr)cTuX
b( (1 —exp(— )(cTMX) —i—baa(/ T e ( )dT)(C—FﬁW) Ly

+b < (1 —exp(—br)) dr> (c+ kx) | pixc pux — bl Mxe.

1 [0%Qn (0,7;7,) /0B8] = H (kx, b, c; ), where

H (’%TH b7 G, 900)
1 1
= a?/ \7_2,)76 (r)dr + 20, (/ (1 —exp (=br)) T-pe (1) dr) ¢y
0 0

- (/01 (1 —exp (—br))* d?“) (¢Tpx)” + K] Mxrir

1 1
—20, (/ T-be (1) dr> Ky — 2 (/ (1 —exp (—br)) dr) Ky .
0 0
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Theorem 6 (Theorem 4) Suppose that Assumptions 1, 2 and 3 hold.

1. When 0,, = 0y € OF, i.e., 5, = B, and 7, = my for any n € N, T, 2 N (0,1), and
A
W, ~ x2(d,).

2. When v, € T,,(1,b,¢) i.e, B, =b/n with0 < b < oo and 7, = n*'?c, and yo =

0, (n1/2)7
R —-1/2 0 . —-1/2 0
BV = | o g,
04,51 nlg, 04,51 nlg,
= V]_ (b c: 90 ) _ V{BB (b7 C; (100) Vlﬂ- (b7 C; 800)
y ¥y Y0/ T T i )
VP (b, c;00) VI™ (b, c; @)

.
where V™ (b, ¢; ) = <V{r6 (bac;%)) ,

1
Vlﬁ’g (b,c;00) = 02/ j r)dr 4 20, (/ (1 —exp(=br)) J_p. (r)dr) chX
0

([ -] € -2 ([ 00

( (1 —exp (—br)) dr)m pxc gy + R, M7,
VIT(hcipg) = Ay (Re) My,

1
VI (b ei00) = Mg (Ra) X {Mm ( j_b,e<r>dr) iy
0

_ </01 (1 —exp (—br)) dr) ,uXcTuX} ;

R//T\ (b7 C; 900)
[02RV (b, c;00) RT]
~ _ -1 .~
Wn = W (ba C; 900) = [RT (ba C; 900)]—'— [O.gR’Vl ! (b7 C; ()00) RT] R7 (ba C; 900> )

and

Tn = T(@QSOO):

1/2°

~

where X[g (Fr) = Ag (Rr (b, €;00) ,b,€;00), Rr = Ry (b,C;09) and T (b, c; @) are defined

in Theorem 2.

3. When v, € Ty (h,b,c), i.e., B, =b/n" with0 < b < oo and 7, = n~"/*"c, where
0<h<1,T,AN(0,1), and W, 2 x*(d,).
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7 Appendix B: Proofs of Theorems and Lemmas

Proof. (Lemma 1) For simplicity, we only illustrate the case when d, = 1. When (5, = 0,
Ye = Yi_1 + & for t = 1,...,n. By the law of number for stationary ergodic sequences
(White, 2001, Theorem 3.34, p. 44), the central limit theorem for stationary ergodic adapted
mixingales (White, 2001, Theorem 5.16, p. 125), and Lemma 6 with b — 0,

_1 ZXQ —  4.s. X7 ’I’L_l/2ZXt€t = O'EM}X/ZZ NN (O,Ung) ,

t=1

n 1
n2 Z yr, = ag/ W2 (rydr, n! Zyt,lgt = a?/ W (r)dW. (r), and
t=1 0 t=1 0
n 1
n=%/?2 Z X1 = HxOe / We (1) dr
t=1 0

Then by the first order condition of equation (2.1),

nl2m (7172 > yt2—1) (TFI/Z Dt Xt€t) — (7 3 YeEr) (n*3/2 D i Xtyt—l)
o (n=32% 70 Xayr1) (n712 300 Xt5t) (=1 300 Yr-160) (n_l 2 X7)
o2 Jy WE (r)dr - aeM”?Z— : fo r) AW < > oy We)dr_
N 1/2 s =k =0, (1),
UxOe fo r)dr - o.M fo We (r) - Mx

(n 230 Xee) n P, — (7300 yiaey)

n_lﬁn =
(n—t Z?:l X7?) (n-12w )2 —2(n=3/2 Zt 1 XiYi-1) n=27, + (”72 Z?:l yt2—1)
EMI/2 R, — o2 r
~ 0:My i fﬂ AL
My - R2 — 2y 0. fo r)dr - Ry —|—02 fo W2 (r) dr
=

Proof. (Lemma 2 / Lemma 5)

1. ((0Q, (0,7;7,)) /08) By Lemma 6, the law of number for stationary ergodic sequences
(White, 2001, Theorem 3.34, p. 44), and the central limit theorem for stationary
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ergodic adapted mixingales (White, 2001, Theorem 5.16, p. 125),

n

0
%Qn (0,m57,) =n"" Z (% — Y1) (?Jt—l - XtTW)
t=1

n

= n! (€t — Boyi-1+ ﬂnXtTWn) (yt—l - XtTW)

t=1

= n! 2”: Y16 —n T iw! 2": X —n 18, 2”: y2  +n gt 2”: Xiyr—1
=1 t=1
+n 1B ) ZXtyt \—n gt (Z XtXT>
= / T-be (r)dWe (r) + 0. (/ (1 —exp (=br)) dW. (T))C Ly — Ok T1\/11/22
—ba / «7255 )dr — 2bo. / (1 —exp(— ))Jbg()dr)cTuX

—b(/ol(l—exp r) (¢ py) +b05(/jb€ )dr)(c—I—nﬂ) .

1
+b (/ (1 —exp(—br)) dr> (c+ kx) | pixc iy — br Mye.
0
2. (n7' [0%Q, (0,7;7,) /05°]) By Lemma 6 and the law of large number for stationary
ergodic sequences (White, 2001, Theorem 3.34, p. 44),

82 n
718_626271 (0a7§7n) =n"? Z (3/7;1 — XtT7T)2
t=1

= n_QZyt 1 +n WTZXtX T™—2n" QWTZXtyt 1
t=1 t=1 t=1
1 1
= a?/ jfb’s (r)dr + 20, (/ (1 —exp (—=br)) T-pe(r) dr) c iy
0 0
1
+ (/ (1 — exp (=br))” dr) (CT,UX)Q + K] Mx#ip
0

1 1
—20. (/ T (1) dT) Kl iy — 2 (/ (1 —exp (—br)) dr) NN
0 0

Proof. (Theorem 2) For notational simplicity, let /)\\5 denote Xg (Fx (b,¢500) 5 b,€;500), R
denote &, (b, c; py), and q (Ag, k) denote q (Ag, kr, b, €; ). Also, let /):5771 = ngn and Ky, =
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n~Y2%,. Then it suffices to show {Xﬂ,mﬁm"} = {XB’E”}' Let

QH(A57Kﬂ> = qn(Aﬁv'%ﬂ’ava;SOO)
9
op

1, 0
Qn (07 n1/2/€7r; ’Yn) ’ /\B + 5” lﬁ_ﬁan (07 n1/2’17r; rYn) ) )‘%
Then by equations (2.1) and (2.3) / equations (2.6) and (2.7), {/):6771,//{\71—7”} / {/):B,EW} are

respectively the unique minimizers of g, (Ag, fx) and q (Mg, k) in R ie.,

Gn (X,e,nﬁw,n) = gjiﬁriqn (Mg, kx), and ¢ (Xﬁﬁw) = g}fgq(%m)-

By Lemma 2 and equation (2.5), for any given {\g, k:} € C, ¢, (Mg, kx) = ¢ (Ag, kz) When
n — oo. Since g, (Ag, kr) and g (g, k) are concave functions with respect to {Ag, kz }, by
the fact that pointwise convergence of concave functions on a dense subset of an open set
implies uniform convergence on any compact subset of the open set (Newey and McFadden,
1994, proof of Theorem 2.7, pp. 2133, 2134), ¢, (A\s, kx) = q(As, k) uniformly on any
compact set of R when n — oo.

Consider a compact set C C R. Let Z,, / Z be the inverse images of ¢, (A, kx) /
q(Ag, kr) in R&F1 respectively, i.e., Z, = {{\g,kr} € R*": g, (Ng,5,) €C}, and Z =
{{)\/3, Ko} € RTL: g (Mg, kn) € C}. By the compactness of C and the continuity of ¢, (Ag, k)
/ q(Ag, k) with respect to {\g, kr}, Z, / Z are also compact. And since g, (Ag, kr) =
q (Ag, k) uniformly on C when n — oo, Z,, — Z when n — oo. Let {X;n,ﬁfm} / {X;,E;}
be the minimizers of of ¢, (Ag, k) and q (g, k) in Z,, | Z, i.e.,

A~k e . o~k P .
In (/\B,m Iimn) = min ¢,(A\g, k), and ¢ (/\,6, ’%) = min ¢(A\g, Kr).
{Aﬁyfiw}ezn {)\[3,/{”}62

By the concavity of ¢,, (\g, k) and ¢ (A\g, K ), {X;n, E;n} / {X;, 7%:} are unique. If {X;n, //%:n}

are tight for every n € N, by the compactness of Z,, {X;n,k\:n} will be uniformly tight
with respect to n. Then by the Argmax continuous mapping theorem (van der Vaart and
Wellner, 1996, p.286), when n — oo,

{/):;n,//%;n} = argmin ¢, (Ag, ky) = argmin q(Ag, k) = {/)\\;,E;} )
{Asr e {Ag.n fez

Since C is arbitrary, the desired results directly follow. That is, for any compact subset
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C C R to which ming, (A, kr) and ming (Ag, k) belong, when n — oo,

)\/B,Hﬂ- >\,6‘7’477r

{Xg}n,//%mn} = argming, (Mg, kr) = argmin g, (Ag, kr)
Ao ix (Ape b

= argmin ¢ (g, k) = argming (Ag, kr) = {/):B,Eﬂ} .
{Ag.er fez Agtom

It only remains to show the tightness of {/):gm, k\mn} = {n’lgn, n~Y 2%\”}. For simplicity,
we only illustrate the case when d, = 1. By the first order condition of equation (2.1), the law
of number for stationary ergodic sequences (White, 2001, Theorem 3.34, p. 44), the central
limit theorem for stationary ergodic adapted mixingales (White, 2001, Theorem 5.16, p.
125), and Lemma 6,

(n‘Q 217;1 yz?fl) (n_1/2 Z?:l tht) - (n_l Z?:1 Yi-161) (n_3/2 Z?:l gft?/tfl)
= B +be (02 300 yiy) (! 30, XP) —be (n Y2300 Xoyea) _0,01)
N o n — n — n — n - p )
(”73/2 Zt:l Xtyt_l) (n 12 Zt:l Xt’ft) —(n7! thl Yi16e) (n7! 2%:1 Xt2>
+b (n_2 Z?:l yt{l) (”_1 Z::l Xf) —b (”_3/2 Z?:l Xtyt—1>
(bn =323 0 Xyyeor +ben P Y0 X2+ 072300 Xeey ) n 2R,
- (b”_2 Z?:l ytzq + ben 3/ Z?:l X1+ n! Z?:l yt—lgt)

Asin = —1N O X2) (p—1/27 )2 —3/2 3" ~1/27 o 2 Op (1)
(n Zt:l X?) (n Tn) —2(n Zt:l Xeyi1)n Ty, + (n Zt:l yt—l)

Proof. (Lemma 3) The consistency of jiy, and M x.n directly follows the law of number
for stationary ergodic sequences (White, 2001, Theorem 3.34, p. 44). For 52, by Lemma 6,
Theorem 2, and the Kolmogorov law of large number (White, 2001, Theorem 3.1, p. 32),

n N N 2
o2 = n! [yt - (1 — 511) Ye—1 — 5nXtT/7Fn:|

t=1

3

= pnt i [st + (Bn — 5n> Y1 — B X (R — ) — (B” N 6”) XJ%”} 2

t=1
n
_ o > 1y P 2
= n E ei+0,(n") = ol
t=1
m

Proof. (Lemma 4)
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1. (n'2B7 (k) DoQy (0,5 7,))

n—1/2=h/2 22:1 (yt—1 — XtTﬂ'n) €t

nl/zB_l h) D Qn ‘911;'771 -
(h) DgQn ( ) —5nn_1/2+h S Xeey

By Lemma 7,

n

B (1 XTm) e =i S o (1),

t=1 =1
therefore, by Lemma 7 and the central limit theorem for stationary ergodic adapted

mixingales (White, 2001, Theorem 5.16, p. 125),

/2Bt (h) DoQn (0n;7,)

_ [ s 0, () 4 @) Oua,
—on V2N Xiey T 04 2PMy | )

2. (B7' (h) DggrQn (0n;7,) B~ ()

B (h) Dyt Qn (6,;7,) B~ (h)

DY (g — X))
—n*1+h/2 Z?:l Xt [Bn (yt—l - XtTTrn) + 875} 6721”71+2h Z?:l XtXtT ‘

By Lemma 7 and the law of large number for stationary ergodic sequences (White,
2001, Theorem 3.34, p. 44),

n n 2
L L o
nt h;(@/tl—XtTﬂ'n)Z = n ! h;yf_1+op(1)£>2—z,

62n_1+2h ZXtXtT — b2n_1 ZXtXtT & bQMX,

n
t=1 t=1

and

_ o lh/2 ZXt (B0 (ye—1 — X 7)) + &4]
t=1

— _n_2+h/2bZXtytfl + n—2+h/2bZXtXtTﬂ_n o n—l+h/2 Ztht
t=1 t=1 t=1

— 0, (NP2 £ 0, (nV22) 4 0, (nTE) L0, .
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Therefore,

(20) ' o2

B7Y(h) Dyt @Q, (0,;7v,) B~ (h) & .
(h) Dgg7 Q@ (003 7,,) (h) [ 01 b2MX]

Proof. (Theorem 3) First we show that 3, — 3, = O (n=Y2=12) and 7, —m, = O (n=1/2H").
Again, for simplicity, we only illustrate the case when d, = 1. By the first order condition of
equation (2.1), the law of number for stationary ergodic sequences (White, 2001, Theorem
3.34, p. 44), the central limit theorem for stationary ergodic adapted mixingales (White,
2001, Theorem 5.16, p. 125), and Lemma 7,

{ (Wt yi) (02 Xoey) }
+be (R yE ) (Tt X)) + o, (1) _ 0, 1)

b (n_l_h >t yg—l) (1300 X¢) + 0, (1) e
—n S g+ 0, (1)

1/2+h/2 (B _ — 0. (1).
! <6n Bn) Ty Y oy (1) » (1)

n1/2—h (%n . 7Tn)

Then we show that R (6*;7,,) = 0, (n™!). By equation (2.10),

Qn (0ui7) = Qu (003 7,)
" 1/~ T .
_ T . _ - _ . _ *,
= D) Qu(057,) (82— 0,) + > (0= 00) Dogr Qu 0 7,) (B = 0) + R (0737,
where 6* is in between 6, and 6, 8 = (3* —8,) + 8, = O (n=Y/2=1/2) 4+ O (n™"), and
7 = O (n~'/2™"). By the cubic approximation for Q, (¢;,) around 6,,:

~ BQ, (0%:7,) -
ROy = 3 (B-5) T2V 6 )

85207T
L/ - T PQn (0%57,) -
+3 <5n—5n> (T — 7n) W(”n

- ﬂ-n) )
in which
83@71 (9*,'7n) —1 . T __* T
W = —2n ;(yt—l_Xt @ )Xt )

0*Qn (073 7,)

psomonT = 22 XX
t=1
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By Lemma 7, the law of large number for stationary ergodic sequences (White, 2001, Theo-
rem 3.34, p. 44), " = O (n”"/*""/?) + O (n™") and 7* = O (n~/>*"),

PQn (0"57,) -1 - T *T, —1 - T —1/2+h
W = —2n Zyt—lXt +27%'n ;XtXt :Op(n ),

t=1

BQn (057,) e 1 T_ _1/2-h/2 “h

Therefore, by En —B,=0 (n—l/Q—h/Q)’ and 7, — 1, = O (n—1/2+h)’

1/ 208 n 0*; n) /1~
RE57) = 5 (8. 8) %m—m

1/ ~ T 03QTL (9*7 7n) ~
g (B = 8) o =) S5 ()

_ [O (n—l/Q—h/Q)]2 .0, (n—1/2+h) .0 (n—1/2+h)
L0 (n—1/2—h/2) .0 (n—1/2+h) . [O (n—1/2—h/2) +0 (n—h)] o) (n—1/2+h>
- 0, (n—2+h) +0, (n73/2+h/2) = o, (nfl) .

Let

Jn = B7N(h) DogrQu (0n57,) B (h),  Z; = —n"2J " B7" (h) DyQp (65 7,) +
Ar(0) = n'®B(h)(0—0,). and g, (A% (0);7,) =n(Qn (0;7,) — Qn (0n;7,)) -

Then by equation (2.10), Lemma 4, and the fact that R (0*;7,) = o, (n™1),

0 (85 0)71) = —~ZiT T (6) + 5 (A O] T (0) + 0, (1)

1 1
= S0 = 2 8 0) - ] - 57Tz 0, (1),

By definition (equation (2.1)), 6, is the minimizer of Q, (0;7,) — Qn (0n;7,,), and therefore
A () is the minimizer of g, (A% (0);7,,), i-e.,

n (AZ (5n> ;vn) = mingy (A7, (0);7,)
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Therefore A¥ (/Q\n> 4 Z*. By Lemma 4,

P28 (1) (B — 0n) £ ~n!20 B (1) DyQu (63 7,)
= V" (b00) G (bigg) ~ N (0g,51)x1, 02V 1 (b)) -

Proof. (Theorem 4 / Theorem 6) 1. directly follows by Theorem 4.1 of Newey and McFadden
(1994, p. 2156). For 2. by equations (3.4) and (2.11),

B (1) VB (1) = [ m e (e~ Xi) ] .

~ n ~ ~2 n
—n_l/zﬁn thl Xi (?Jt—l - XtTW") nB, Zt:l XtXtT

By Lemma 6, the law of large number and Theorem 2:

n

n? Z (y1-1 — XtT/ﬁn)2 =n? Z Y2 — 277! Z X +n7 27 Z X, X7,
t=1 t=1

t=1 t=1

S o /O 7 (r)dr+ 20, ( /0 (1 — exp (—br) Top (1) dr) Ty
([ amemem?ar) @) = 2o ([ Fctryir) g

1
. ( JRCEEE) dr) Rl iy + R MRy,
0

9 n R 9 n o
ns, ZXtXtT = [n <5n - 5n)] -0t ZXtXtT = Ag (Rr) Mx,
t=1 t=1

and

t=1 t=1 t=1

= N (R) {MXRW 0. (/01 Tobe (1) dr) ix — </01 (1= exp(=br)) dr) “XCT“X} ’

where /):5 (Rr) = /)\\5 (Fx (b, c500) 5 b, €; 0) and Kr = Kr (b,¢; ). And the results follow by

—n_1/2Bn Z Xi (o1 — X, 7) = ngn (n_3/2 Z X X[ Ty =02 ZXtyt_1>

Theorem 2 and Lemma 3.
For 3., it suffices to show 62 2 0% and B! (h) V,B~1(h) & V), (b;g,). For 52, by

n £

Lemma 7, Theorem 3, and the Kolmogorov law of large number (White, 2001, Theorem 3.1,
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n

~ ~ 2
/O-\fl = n_l Z [yt - <1 - Bn) Yt—1 — ﬁnXtT/ﬂ\-n:|

t=1

= n! 2”: [et + (En - 5n> Yt—1 — ﬁnXtT (T — o) — (gn o Bn) X;%"} 2
t=1

S E 0, ot
t=1

For B~! (h) V,,B~! (h), by equations (3.4) and (2.11),

n =~ \2
~ n~ S (e — X )
~ n ~ — %2 n )
—n_l_hﬂﬁn Zt:l Xy (?/t—l - XtT7Tn) n 1+2hﬂn Zt:l XtXtT

The results follow by Lemma 7, Theorem 3, and the law of large number for stationary
ergodic sequences (White, 2001, Theorem 3.34, p. 44),

n - :
n~lh Z (-1 — XtT%n)Q = n Z Y+ Oy (n") - %’
t=1 =

n—l—‘,—?hﬁi ZXtXtT — (nh <Bn _ 6n> + b) n_l ZXtXtT ﬂ) szX,
t=1

_ t=1

—n 123, ZXt (Y1 = X[ F0) = Oy (n7272) 5 04,1

t=1

And the remains directly follow by Theorem 3. =

Proof. (Theorem 5) We first prove 2., i.e.,

liminf inf CPHF (v,) = min{ inf  CPLM (b, c) ,C’P£} =1—-o.
n—oo 'Yner {b,C}EH(R,U)

where, by definition,

AsySz (CSFT (RO,;1 — a, ) = liminf inf CPHF,

n—oo ry, €l
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and

CPM (v,) = Poﬂhﬂémw{ sup élAwwm%w&%ﬁMﬂ}>>
{b,c}eH(R,v)

CPLM (bhe) = liminfP (an)s WP &1 (W (b, €05 90))
n—oo {b,C}GH(RfU)

VHERALQQ)zl—a,

CPZ = liminfP (W, (v) < X5 1 o] =00€ 0O} or =, €D, (hbc))=1-a

n—oo

Our proof is similar to the proof of Lemma 2.1 in Andrews and Cheng (2012). Because in
the problem considered in this paper, the parameter causing the potential weak identification,
B, is only one-dimensional, our proof is much simpler.

Since for any function f,, (z),

infliminff, (z) < liminfinf f, (),

x n—oo n—oo

therefore

liminf inf CPRE < min{ inf  CPLF (b, c), C’P£} =1—-a.

n—oo vy, €l {b,c}eH(R,v)

Let {v; € I';, : n € N} be a sequence such that

ligglfCPf’LF (vr) = h,{&iﬂf 7inefF CPRELE (Y.
Such a sequence always exists since according to the axiom of choice, we can always se-
lect each element in this sequence as the infimizer of CPF for every n € N. Let % =
{607,C0} = {8, 7%, (o}. Then by Definition 1, either v € T, (1,b,¢), or 0, = 6, € OF
/ vi € T, (h,b,c). In the former case liminf, .., CPRE (%) = CPL (b*,c*), where
b* = n7'8% and ¢ = n'?7%, and CPL (b*,¢*) = 1 — « for all {b*,c*} € H(R,v). In

the later case liminf,,_,,, C PRE (4#) = CPL =1 — a. Therefore

liminf inf CP&H > min{ inf  CPLYF (b,c), C’P£} =1—-a.

n—oo v, €l {b,c}eHR V)

1. directly follows since 1. is a special case of 2. For 3., since
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and for any set C, {6,, € C} entails {P0,, € PC}, therefore,

liminf inf P (RO, € CSHF (RO,;1 — o, )

n—oo y,€

> liminf mf P(Qf, € CSF(Qb,;1 —a, ) =1—a.

n—oo ,€

8 Appendix C: Supplementary Results and Proofs

This section states and proves some results used in the proofs of the theorems.

Lemma 6 Suppose that Assumptions 1, 2 and 3 hold, yo = o, (n1/2), and v, € T, (1,b,c).
Let W- () and Wx (+) be two standard Wiener processes (one-dimensional and d,-dimensional,
respectively), and J_pc (+) and J_p x () be an Ornstein—Uhlenbeck process. For anyr € [0,1],

when n — 00,

[nr] [nr]

—1/225 = oW (r), n?Y (X —px) T = SWx (),

t=1

Tbe(r) = /07“ exp (=b(r—s))dW-(s) and J_px(r)= /07‘ exp (=b(r — s)) dWx (s)

Then as n — oo, we have the following results.

~

) n_l/zyLWJ = 0T pe (1) + ¢y (1 —exp (—br)).

WY g = 0 fy Tone (1) dr+ e g (f (1= exp (<br)) dr).

o

8. Y W = 0 [y T () dr + 20Ty () (1= exp (<br) Tooe (1) dr)
+(CT/LX) (fo (1 —exp (=br))* dr).

4. I e = 02 fo T be (1) dW. (r) + occ iy (fol (1 —exp (=br)) dW. (r))

)

N (Xe = i) g1 = 0 BYP ) Toe (7) dWx ()
ey 2 (fol (1 —exp (—br)) dWx (r))

K2

n2 Y Xy = o (fol T e (1) d7“> px + (fol (1 —exp (—br)) dr) [ C fly-
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Proof. For 1., under Assumption 1, equation (1.2) can be written as:

yLTLTJ = Z(l_ﬁn 5|_n'r'J 1+6 Z 1— X\_nrj _iTn
=0
[nr]—1 [nr]—1
= (1—ﬁn)L”TJy0+ Z (1_Bn €t1+ﬁ Z 1— n X’/Tn
=0
nr|—1 ' .
+ﬁn Z (1 - ﬁn)Z (X\_m"]—i - /JJX) T
1=0

Where (1— 8,)"") — exp (=br), 8, 210 (1= 8,)" = 1= (1= B,)"" — 1 —exp (=br),
and for any r € [0, 1], by Lemma 1 of Phillips (1987), as n — oo,

lnr]—1 |nr]—1
n-1/2 Z (1= B,) €lnr)i = 0T pe (1), n 2 Z (1= 80" (Xpnr)—i — pyx) = SV T (1)
i=0 =0

Therefore for any r € [0, 1], as n — oo, 1. follows by

[nr]—1 [nr|—1
Yy = 2N (1-8,) +n71283, Z Bo) pxmnto, (1)
=0

= 0.Jbe (1) + c iy (1 —exp (=br)).
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2. — 5. follow by
n 1
n3? Z Y—1 = / [0eT b (1) + €' iy (1 = exp (=br))] dr
- 0
t=1 1 1
= 05/ T e (r)dr 4+ ¢’y (/ (1-— exp(—br))dr) ,
0 0
1
n? Z = / [0-T b (r) + ¢y (1 —exp (—br))]2 dr
0
1 1
= o’ / T2y (r)dr + 20.¢ iy (/ (1 —exp (—=br)) T-pe(r) dr>
0 0
1
+(cTpx) (/ (1 — exp (—br))® dr) :
0
n 1
n! Z Yi_1E¢ = / [08‘7_,,78 (r) + chX (1 —exp (—br))] doW: (1)
t=1 0

= o [ acoav o +ocTin ([ (- e Ciman).

n! Z (Xt — px) Y1 = /01 (0T b (r) + ¢ pux (1 — exp (—br))] dZ‘%W\/x (r)

t=1

- sy [ e (r) AWy (1) + <y D (/ (1~ exp (—br) dWy ).

0

And for 6., by 2. and 5.,

n=3/? Z X1 = ”_3/2NX Z Yi-1+ 0y (n_l/z)
=1

t=1

= 0. (/01 T-be (1) dr) fix + (/01 (1 —exp (=br)) dr) pxe’ .

Lemma 7 Suppose that Assumption 1 holds and vy, € T',, (h,b,c). Then asn — oo:
1. n~ VRS AN (cTpx,b%0?)
2. nTY2R2N g ey AN (0, (20) o).
9. TN g, B (20) o2,

4 n—1/2-h/2 2;1 (Xt _ /LX)ytfl 4 N ((), (2b)_1 azEX).

43



5. /2 h2t=1 Xeyi—1 NN(HXCTMXab 20§“X“)T<>'

Proof. Let
m=Y (=B e and &= (1-8,) (X — ).
1=0 i=0

Then by Assumption 1, equation (1.2) can be written as:

Y = Z(l_ﬁn E¢— z+/6 Z 1_ Xthﬂ-n

=0

= Y (1-B,)ei+8, Z (1= 8,) pxmn+ B, Z (1= B8,)" (Xeei — px) 7

i=0
= M)T(ﬂ'n + 1 + 8,8

By Theorem 2, Lemma 1 and Lemma 2 of Giraitis and Phillips (2006), as n — oo,
n n 2
n—1/2—hz77t — plp12 (1—-p,) Zm f‘ij\/’ (0, %) ,
t=1
n71/27h25t = bilnilm — Pn th ( X>
t=1
W VRN e = (b= ) 2 (1 p2) Zm £ ~N< )
t=1
n 2
—1/2—h/2 — (2 — nhp2 “U2 12 (212 A 0 e s
n ;ft—lgt ( n ) n ( Pn) ;nt—ﬁt N {0, ob x|,
n n 2
—1-h 2 —hp2\~1 1 2 2 p O¢
= (20— b 1— —= d
n ;m_l (2b—n"0) " 0t (1 p}) ;m_l B ops an
e _ -1 _ _ 1
nth thflftT—l = (2b —-n hb2) n! (1 - pi) thqu—l =
t=1 t=1

M|
[SERILIEN
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Therefore,

- 1/2h Z n
t=1
nl/2hi Z Ye—1Et
t=1
noth Z Vi
t=1
n
n71/27h/2 Z (Xt . ,UX) Yir

t=1

And for 5., by 1. and 4.,

n 2
_ _ A g
cuy +n7 2" 77t+0p<1)NN<CT,UX7b_2€)7

t=1

n 4
n VS o, (1) AN (o, %) ,

t=1

2
O;

nt " ZU?—1 + 0, (1) = 2%’
t=1

n 2
_1/9_ A o
n /2RI E Ny (X — px) + Op (1) ~ N <07 %EX) .
t=1

n n 2
n-1/2 hZXtytfl — 12 hMX E Y1+ 0, (1) ~ N <uXcTuX, bfﬂxl&) .
t=1 t=1
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Table 1: N LS estimates for the forecast-based monetary policy reaction function

2 2
T T Ta B oz R

k=0 0.895 1.171 2.359 0.109 0.198  0.957
(0.325)  (0.306)  (1.073)  (0.030)

k=1 1.491 0.985 0.765 0.194 0.160 0.965
(0.211)  (0.148)  (0.654)  (0.034)
In parentheses are estimates of standard errors according to the standard asymptotic
theory as in Theorem 1.
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Figure 1: Finite-sample and asymptotic densities of n (Bn — ﬁn), Ton = Mip = 2

n(b,- b), n=100,b =0.02,p; =p, =2 n(b, - b,), n=100,b =0.05,p, =p, =2 n(b,-b,), n=100,b =0.1,p; =p, =2
03 03 : : : : : 03 : ‘ ‘ ‘
025+ 1 0257 1 0257
02t 1 02t 1 02t
015} 1 015¢ 1 015+
oLr 1 oif
005+ 1 005} . 1
-10 5 0 5 10 15 20 D 5 0 5 10 15 20 R -5 0 5 10 15 20
n(b;— bn), Asym., b=2, %=c1=0.2 n(b;— bn), Asym., b=5, %=c1=0.2 n(b;— bn), Asym., b=10, %=cl=0.2
03 : : : ‘ 03 : : : : 03 : ‘ ‘ ‘
025¢ 1 025¢ 1 0257
02t 1 02t 1 02t
015+ 1 015+ 1 015}
01t 01t 1 01t
005F 005¢ 005¢ . 1
R 5 0 5 10 15 20 L 5 0 5 10 15 20 B -5 0 5 10 15 20

The first and rows are respectively the simulated finite-sample densities and the asymptotic
densities in Example 1.

Figure 2: Finite-sample and asymptotic densities of n™2 (%1, — T1.0), Top = T10 = 2

0% (], Py, N=L00, B 0.02,po,=p; =2 0% (p] -p, ). n=100, b =0.05,p,,=p, 2 (5, -, ) n=100, b,=0.L, Py, =p, =2

7 T T T 7 T T T 7 T T T

6 6 6r

5 5F 5r

4 4t ab

3 3 3r

2 2 2r

1 1 1r

-01 -05 0 05 1 -01 -05 0 05 1 01 -Of; 0 05 1

n2 (P, p,,) Asym., b=2, ¢ =c,=0.2 n2 (p;n- p,,) Asym., b=5, ¢ =c,=0.2 n2 (P, p,,) Asym., b=10, ¢ =c,=0.2

7 T T T 7 T T T 7 T T T

6 6 6r

5 5F 5r

-1 -05 0 05 1 -1 -05 0 05 1 -1 -05 0 05 1
The first and second rows are respectively the simulated finite-sample densities and the
asymptotic densities in Example 1.
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Figure 3: Finite-sample and resampling densities of n (Bn

n(bn— bn), n=100, bn=0.02, poln=p1vn=2

~

n(bn— bn), n=100, bn=0.05, poln=plln=2

_ﬁn

N———

y Toon = M1n = 2

n(bn— bn), n=100, bn=0.1, povn=plvn=2

03 03 03
025f 025 025f
02F 02t 02t
015 015f 015f
01r 01f 01f
005} 005} 005} . g
Lo -5 0 5 10 15 20 Lo -5 0 5 10 15 20 fo -5 0 5 10 15 20
n(b;- bn), Resam pling,bn=0.02, p0‘n=p1’n=2 n(b;- bn), Resam pling,bn=0.05, povn=p1‘n=2 n(b;- bn), Resam pling,bn=0.1, poln=p1‘n=2
03 ; ; ; ; ; 03 ; ; ; ; T 03 T . T ! -
025f 025 025f
02F 02t 02t
015} 015} 015}
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005 005 - ] 005 - ]
fo -5 0 5 10 15 20 fo -5 0 5 10 15 20 fo -5 0 5 10 15 20

The first and second rows are respectively the simulated finite-sample densities and the
resampling densities in Example 1.

Figure 4: Finite-sample and resampling densities of n=Y/2 (71, — T1.), Ton = T1n = 2
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The first and second rows are respectively the simulated finite-sample densities and the
resampling densities in Example 1.
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Figure 5: Finite-sample and asymptotic densities of n (Bn — ﬁn), Ton = T1n =0
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The first and rows are respectively the simulated finite-sample densities and the asymptotic
densities in Example 2.

Figure 6: Finite-sample and asymptotic densities of n™2 (%1, — T1.n), Top = T1.n =0
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The first and second rows are respectively the simulated finite-sample densities and the
asymptotic densities in Example 2.
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Figure 7: Finite-sample and asymptotic densities of T}, for Hy : 8 = 3,,, Ton = T1,p = 2

Tn, Ho:b:bn, n=100, bn:0.02, pO,n:pl,n:2 Tn, Ho:b:bn, n=100, bn:0.05, po‘n:plyn:Z Tn, HO:b:bn, n=100, bn:0.l, pO,n:pl,n:2

06 . 06 . 06 :
05+ 1 05+ 1 05+
041 041 04t
03[ 03[ 03[
02+ 02+ 02+
01t 01t 01t

g 0 5 g 0 5 g 0 5

Tn| Ho:bzbn, Asym., b=2, C0=C1:O‘2 Tn, Ho:bzbn, Asym., b=5, c0=c1=0.2 Tn, Ho:bzbn, Asym., b=10, c0=c1=0.2

06 . 06 . 06 :
05+ 1 05+ 1 05+
04+ 1 04+ 1 04+
03 1 03[ 1 03
02 1 02 1 02
01t 1 01t 1 01t

g 0 5 g 0 5 3 0 5

The first and second rows are respectively the simulated finite-sample densities and the
asymptotic densities in Example 3.

Figure 8: Finite-sample and asymptotic densities of T}, for Hy : 711 = 71, To = M1 = 2
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The first and second rows are respectively the simulated finite-sample densities and the
asymptotic densities in Example 3.

o4



Figure 9: Finite-sample and asymptotic densities of W,, for Hy : 8 = (3,,, mo = T1 = 2
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The first and second rows are respectively the simulated finite-sample densities and the
asymptotic densities in Example 3.

Figure 10: Finite-sample and asymptotic densities of W), for Hy : 711 = 71, Mo = M1 = 2
Wn, Ho:p1=p1,n’ n=100, bn=0.1, povn=p1vn=2
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The first and second rows are respectively the simulated finite-sample densities and the
asymptotic densities in Example 3.
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Figure 11: Coverage probabilities of C S CSEP and x2 (1) CS for w1, =2, 1 —a = 0.8
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The first to third panels in the first row are respectively simulated coverage probabilities of
the least-favorable confidence sets C'SL-EE | the projection-based confidence sets C'SL¥ and
the standard confidence sets based on the x? (1) distribution of Example 4. The first to
third panels in the second row are coverage probabilities of CSHLF CSEP and x2 (1) CS
with 7y, =0, 1, and 2.

56



Figure 12: Coverage probabilities of C S CSEP and x2 (1) CS for my, =2, 1 —a = 0.9
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The first to third panels in the first row are respectively simulated coverage probabilities of
the least-favorable confidence sets C'SL-EE | the projection-based confidence sets C'SL¥ and
the standard confidence sets based on the x? (1) distribution of Example 4. The first to
third panels in the second row are coverage probabilities of CSHLF CSEP and x2 (1) CS

with 7y, =0, 1, and 2.
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Figure 13: Federal funds target rates, inflations and output gaps
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The effective federal funds target rates are the monthly averages of the last month in each
quarter. The inflation rates, potential GDP and actual GDP are from the Federal Reserve
Economic Data (FRED@g)) in Federal Reserve Bank of St. Louis. The Greenbook
projections are from the Real-Time Data Research Center in Federal Reserve Bank of
Philadelphia. The dates correspond to the publication dates of Greenbooks.

Figure 14: Least-favorable C'Ss for the reaction coefficients
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The first and second rows are respectively for £ = 0 and 1. The first to third panels are
respectively for 1 — a = 0.8, 0.9 and 0.95. The dot line denotes the determinacy region

DR:{Wp >

1,7, > 0}.
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Figure 15: Projection-based C'Ss for the reaction coefficients, k = 1
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The first and second rows are respectively for £ = 0 and 1. The first to third panels are
respectively for 1 — a = 0.8, 0.9 and 0.95. The dot line denotes the determinacy region

DR = {m; > 1,71, > 0}.
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